The purpose of this note is to give simple and straightforward proofs for two classical theorems of Frobenius [1] .
A matrix A is said to be nonnegative (positive) if all its entries are nonnegative (positive); we write A ^ 0 (Λ > 0). A nonnegative square matrix is called reducible if there exists a permutation matrix P such that
DY
where B and D are square; otherwise A is irreducible.
It was shown by Frobenrus [1] that a nonnegative square matrix has a real maximal root r such that r S | λ, | for every root λ, of A and that to r corresponds a nonnegative characteristic vector. Moreover, if A is irreducible, then the maximal root r of A is simple and there is a positive characteristic vector corresponding to it. An irreducible matrix is said to be primitive if its maximal root is strictly greater than the moduli of the other roots.
We prove the following remarkable two* results due to Frobenius (see [1] ; also Theorem 8 and Proposition 4, p. 69, in [2] ). In order to prove Theorem 2 we require the following lemma obtained in a more general form by Wielandt [3] :
Let A be an n x n irreducible matrix with maximal root r. If x is a nonnegative n-tuple, JC^O, and k a nonnegative number satisfying
k^r.
Equality can hold in (2) only if x > 0.
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Proof of Theorem 2. We can assume without loss of generality that the principal submatrix in question lies in the first t rows and first t columns, i.e., that
\B CΛ ID EY
where B is the principal t x t submatrix. Let r and k be the maximal roots of A and JB, respectively. Let y be a nonnegative characteristic vector of B corresponding to k and let X = be the n -tuple whose first t coordinates are those of y and whose last n -t coordinates are 0. Then
Ax =

Ax
-*•[£]
It follows immediately by the preceding lemma that k<r.
